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CONFORMAL SEMI-INVARIANT SUBMERSIONS 


Mehmet Akif AKYOL, Bayram §AfflN 


Abstract. As a generalization of semi-invariant submersions, we introduce conformal semi¬ 
invariant submersions from almost Hermitian manifolds onto Riemannian manifolds. We give 
examples, investigate the geometry of foliations which are arisen from the definition of a con¬ 
formal submersion and show that there are certain product structures on the total space of a 
conformal semi-invariant submersion. Moreover, we also check the harmonicity of such submer¬ 
sions and find necessary and sufficient conditions of a conformal semi-invariant submersion to 
be totally geodesic. 


1. Introduction 

One of the main method to compare two manifolds and transfer certain structures from a 
manifold to another manifold is to define appropriate smooth maps between them. Given two 
manifolds, if the rank of a differential map is equal to the dimension of the source manifold, then 
such maps are called immersions and if the rank of a differential map is equal to the target manifold, 
then such maps are called submersions. Moreover, if these maps are isometry between manifolds, 
then the immersion is called isometric immersion (Riemannian submanifold) and the submersion 
is called Riemannian submersion. Riemannian submersions between Riemannian manifolds were 
studied by O’Neill ^T| and Gray [33], for recent developments on the geometry of Riemannian 
submanifolds and Riemannian submersions, see: [5] and m, respectively. 

The theory of submanifolds of Kahler manifolds is one of the important branches of differential 
geometry. A submanifold of a Kahler manifold is a complex (invariant) submanifold if the tangent 
space of the submanifold at each point is invariant with respect to the almost complex structure 
of the Kahler manifold. Besides complex submanifolds of a Kahler manifold, there is another 
important class of submanifolds called totally real submanifolds. A totally real submanifold of a 
Kahler manifold M is a submanifold of M such that the almost complex structure J of M carries the 
tangent space of the submanifold at each point into its normal space and the main properties of such 
submanifolds established in |6j , 120 and m- On the other hand, CR-submanifolds were defined 
by Bejancu [3] as a generalization of complex and totally real submanifolds. A CR-submanifold 
is called proper if it is neither complex nor totally real submanifold. Many authors have studied 
above real submanifolds in various ambient manifolds and many interesting results were obtained, 
see (0, page: 322) for a survey on all these results. 

As analogue of holomorphic submanifolds, holomorphic submersions were introduced by Watson 
[29] in seventies by using the notion of almost complex map. We note that almost Hermitian 
submersions have been extended to the almost contact manifolds [7], locally conformal Kahler 
manifolds (1'9'j . quaternion Kahler manifolds m and Paraquaternionic manifold Ill , [28] , see m 
for holomorphic submersions and their extensions to the other manifolds. The main property of 
such maps is that their vertical distributions are invariant with respect to almost complex map of 
total space. Therefore, the second author of the present paper considered a new submersion defined 
on an almost Hermitian manifold such that the vertical distribution is anti-invariant with respect 
to almost complex structure |25] . He showed that such submersions have rich geometric properties 
and they are useful for investigating the geometry of the total space. This new class of submersions 
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which is called anti-invariant submersions can be seen as an analogue of totally real submanifolds 
in the submersion theory. As a generalization of holomorphic submersions and anti-invariant 
submersions, the second author introduced semi-invariant submersions from almost Hermitian 
manifolds onto Riemannian manifolds and then he studied the geometry of such maps in |26| . We 
recall that a Riemannian submersion F from an almost Hermitian manifold(M, J M , g M ) with almost 
complex structure J M to a Riemannian manifold (N,g N ) is called a semi-invariant submersion if the 
fibers have differentiable distributions D and Z) _L such that D is invariant with respect to J M and its 
orthogonal complement D L is totally real distribution, i.e, J M {D ^ ) C (fcerF*)- 1 . Obviously, almost 
Hermitian submersions |29l and anti-invariant submersions[25] are semi-invariant submersions with 
D x = {0} and D = {0}, respectively. These new submersions have been studied in different total 
spaces, see: m, m, m, m, m , e a- 

On the other hand, as a generalization of Riemannian submersions, horizontally conformal 
submersions are defined as follows [2]: Suppose that (M, g^j) and (B, g B ) are Riemannian manifolds 
and F : M —> B is a smooth submersion, then F is called a horizontally conformal submersion, 
if there is a positive function A such that 

A 2 5 m(X, Y)=g B (F*X,F*Y) 

for every X, Y £ T((/cerF*)-*-). It is obvious that every Riemannian submersion is a particular 
horizontally conformal submersion with A = 1. We note that horizontally conformal submersions 
are special horizontally conformal maps which were introduced independently by Fuglede |12l and 
Ishihara D33- We also note that a horizontally conformal submersion F : M —> B is said to be 
horizontally homotlretic if the gradient of its dilation A is vertical, i.e., 

(1.1) H(gi'ad\ ) = 0 

at p € M, where H is the projection on the horizontal space ( kerF *)-*-. One can see that Rie¬ 
mannian submersions are very special maps comparing with conformal submersions. Although 
conformal maps does not preserve distance between points contrary to isometries, they preserve 
angles between vector fields. This property enables one to transfer certain properties of a manifold 
to another manifold by deforming such properties. 

As a generalization of holomorphic submersions, conformal holomorphic submersions were studi¬ 
ed by Gudmundsson and Wood [15]. They obtained necessary and sufficient conditions for con¬ 
formal holomorphic submersions to be a harmonic morphism, see also [8], [9] and [TO] for the 
harmonicity of conformal holomorphic submersions. Moreover, in 1], we introduce conformal 
anti-invariant submersions, give examples and investigate the geometry of such submersions. 

In this paper, we study conformal semi-invariant submersions as a generalization of semi¬ 
invariant submersions and investigate the geometry of the total space and the base space for 
the existence of such submersions. 

The paper is organized as follows. In the second section, we gather main notions and formulas 
for other sections. In section 3, we introduce conformal semi-invariant submersions from almost 
Hermitian manifolds onto Riemannian manifolds, give examples and investigate the geometry of 
leaves of the horizontal distribution and the vertical distribution. In this section we also show that 
there are certain product structures on the total space of a conformal semi-invariant submersion. 
In section 4, we find necessary and sufficient conditions for a conformal semi-invariant submersion 
to be harmonic and totally geodesic, respectively. 

2. Preliminaries 

In this section, we define almost Hermitian manifolds, recall the notion of (horizontally) con¬ 
formal submersions between Riemannian manifolds and give a brief review of basic facts of (hori¬ 
zontally) conformal submersions. Let (M, gM) be an almost Hermitian manifold. This means [321 
that M admits a tensor field J of type (1,1) on M such that, VA. Y eT(TM), we have 

(2.1) J 2 = ~I, g M (X,Y)=g M (JX,JY). 
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An almost Hermitian manifold M is called Kahler manifold if 

M 

(2.2) (Vjf J)Y = 0, VA ',Y € T(TM), 

M 

where V is the Levi-Civita connection on M. Conformal submersions belong to a wide class of 
conformal maps that we are going to recall their definition, but we will not study such maps in 
this paper. 

Definition 2.1. ([2 ]) Let ip : (M m ,g) —>■ (N n ,h) be a smooth map between Riemannian mani¬ 
folds, and let x G M. Then p is called horizontally weakly conformal or semi conformal at x if 
either 

(i) dip x = 0, or 

(ii) dip x maps the horizontal space TL X = ( ker(dp x )) ± conformally onto T Vt N, i.e., d<p x is 
surjective and there exists a number A(x) ^ 0 such that 

(2.3) h(dp x A, d/p x Y) = A(x)g(X, Y) (A, Y G H x ). 

Note that we can write the last equation more succinctly as 

{v*h) x \n x xH x = A(x)g x \n x xu x ■ 

With the above definition of critical point, a point x is of type (i) in Definition 12. II if and only if it 
is a critical point of tp\ we shall call a point of type (ii) a regular point. At a critical point, dp x has 
rank 0; at a regular point, dtp x has rank n and ip is submersion. The number A(a;) is called the 
square dilation (of ip at x)\ it is necessarily non-negative; its square root \{x) = \JA(x) is called 
the dilation (of p at x). The map <p is called horizontally weakly conformal or semi conformal (on 
M) if it is horizontally weakly conformal at every point of M. ft is clear that if p has no critical 
points, then we call it a ( horizontally ) conformal submersion. 

Next, we recall the following definition from [2j. Let F : M —>• A be a submersion. A vector 
field E on M is said to be projectable if there exists a vector field E on TV, such that F t (E x ) = Ef{x) 
for all x G M. In this case E and E are called F— related. A horizontal vector field Y on (M, g) 
is called basic, if it is projectable. It is well known fact, that is Z is a vector field on TV, then there 

exists a unique basic vector field Z on M, such that Z and Z are F— related. The vector field Z 

is called the horizontal lift of Z. 

The fundamental tensors of a submersion were introduced in m- They play a similar role to 
that of the second fundamental form of an immersion. More precisely, O’neill’s tensors T and A 
defined for vector fields E,F on M by 

(2.4) A E F = VX^ E nF + HX^ E VF 

(2.5) T e F = HVv E VF + VV ^ E UF 

where V and LL are the vertical and horizontal projections (see |13|h On the other hand, from 
m and (1231) . we have 


(2.6) 

XyW = T V W + V v W 

(2.7) 

M M 

XyX = HXyX + T V X 

(2.8) 

M M 

v x y = A x v + VV X V 

(2.9) 

M M 

v X Y = nx X Y + A X Y 


for X, Y G T((fcerF*)- L ) and V, W G Y{kerF *), where VyW = VXyW. If X is basic, then 

M 

HVyX = AxV. It is easily seen that for x G M, X G TL X and V G V x the linear operators Ty, 
Ax '■ T X M —> T X M are skew-symmetric, that is 

-g(T v E, G ) = g(E, T V G) and - g(A x E, G) = g(E, A X G) 
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for all E,G € T X M. We also see that the restriction of T to the vertical distribution T \vxv is 
exactly the second fundamental form of the fibres of F. Since Ty skew-symmetric we get: F has 
totally geodesic fibres if and only if T = 0. 

We now recall the notion of harmonic maps between Riemannian manifolds. Let (M, gyi) and 
(TV, gjv) be Riemannian manifolds and suppose that ip : M —> TV is a smooth map between them. 
Then the differential of <p * of <p can be viewed a section of the bundle Hom(TM , ip~ 1 TN) —> M, 
where p~ 1 TN is the pullback bundle which has fibres (ip~ 1 TN) p =T lp ^N , p€M. Hom(TM , p~ 1 TN) 
has a connection V induced from the Levi-Civita connection V M and the pullback connection. 
Then the second fundamental form of p is given by 

(2.10) {S7p*)(X,Y) = V&MY) - M^xY) 

for X, Y e T(TM), where V v is the pullback connection. It is known that the second fundamental 
form is symmetric. A smooth map ip : (M,gM) —> (N,gN) is said to be harmonic if tracefS/tp*) = 

0. On the other hand, the tension field of tp is the section r(<p) of T(p~ 1 TN) defined by 

m 

(2.11) r(ip) = divip* = y^(Vy>*)(ei,ei), 

2—1 

where {ei,..., e m } is the orthonormal frame on M. Then it follows that tp is harmonic if and only 
if r(tp) = 0, for details, see [2]. Finally, we recall the following lemma from [2j. 

Lemma 2.1. Suppose that F : M —> TV is a horizontally conformal submersion. Then, for any 
horizontal vector fields X , Y and vertical fields V, W we have 

(i) (VF*)(X,y) = X{ln\)F*{Y) + Y{ln\)F*{X) - g(X,Y)F*{gradln\); 

(ii) (VF*)(V,W) = -F t (T v W); 

(hi) (VF*)(X,R) = -F*(VfR) = -F.(A X V). 

3. Conformal Semi-invariant submersions 

In this section, we define conformal semi-invariant submersions from an almost Hermitian mani¬ 
fold onto a Riemannian manifold, investigate the integrability of distributions and show that there 
are certain product structures on the total space of such submersions. 

Definition 3.1. Let M be a complex m-dimensional almost Hermitian manifold with Hermitian 
metric qm and almost complex structure J and TV be a Riemannian manifold with Riemannian 
metric gN- A horizontally conformal submersion F : M —> TV with dilation A is called conformal 
semi-invariant submersion if there is a distribution Di C kerF * such that 


(3.1) 

kerF* = Di © D 2 

and 


(3.2) 

J(Di) = D u J{D 2 ) C {kerF*) 1 - 


where D 2 is orthogonal complementary to D\ in kerF*. 


We note that it is known that the distribution kerF * is integrable. Hence, above definition 
implies that the integral manifold (fiber) J 7 ' _1 (g), q G TV, of kerF * is CR-submanifold of M. 
For CR-submanifolds, see [3] and [5,:. We now give some examples of conformal semi-invariant 
submersions. 

Example 3.1. Every semi-invariant submersion from an almost Hermitian manifold to a Rie¬ 
mannian manifold is a conformal semi-invariant submersion with A = I, where I denotes the 
identity function. 

We say that a conformal semi-invariant submersion is proper if A ^ I. We now present an 
example of a proper conformal semi-invariant submersion. In the following R 2m denotes the Euc¬ 
lidean 2m-space with the standard metric. An almost complex structure J on R 2m is said to be 
compatible if (i? 2m , J) is complex analytically isometric to the complex number space C m with 
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the standard flat Kahlerian metric. We denote by J the compatible almost complex structure on 
R 2m defined by 

J(o 1 , a 2m ) = {—a 2 , a 1 ,..., —a 2m , a 2m_1 ). 

Example 3.2. Let F be a submersion defined by 

F : R e —> R 2 

(xi,x 2 ,x 3 ,Xa,x 5 ,x 6 ) ( e x3 cosx 3 ,e X3 sin.T 5 ), 

where x 3 £ R — {kkn}, k £ KL Then it follows that 

kerF ..* = span{\\ = dx\, V 2 = dx 2 , V 3 = dx 4 , V 4 = dx^} 

and 

(kerF*) 1 - = spcm{Xi = e X3 cosx 3 dx 3 — e X3 sin aretes, X 2 = e X3 sinT 5 9 a ;3 + e X3 cosxsdxs}. 

Hence we have JV\ = V 2 , JV 3 = —e~ X3 cosx 3 X\ — e~ X3 sinx 3 X 2 and J \4 = e~ X3 su\x 3 X\ — 
e~ X3 cosx 3 X 2 . Thus it follows that D\ = span{Ei,V 2 } and D 2 = span{V 3 , V 4 }. Also by direct 
computations, we get 

Mi = (e X3 ) 2 d Vl , F*X 2 = (e X3 ) 2 dy 2 . 

Hence, we have 

g 2 (F*Xi, F*Xi) = (e X3 ) 2 g\(Xi,Xi), g 2 (F*X 2 ,F* X 2 ) = (e X3 ) 2 9l (X 2 ,X 2 ), 

where g\ and g 2 denote the standard metrics (inner products) of R 6 and R 2 . Thus F is a conformal 
semi-invariant submersion with A = e X3 . 

We now investigate the integrability of the distributions D\ and D 2 . 

Lemma 3.1. Let F be a conformal semi-invariant submersion from a Kdhler manifold ( M,gM , J) 
onto a Riemannian manifold (N,gi\r). Then 

(i) The distribution D 2 is always integrable. 

(ii) The distribution D\ integrable if and only if ( XF*)(Y, JX) — (VF*)(A', JY ) £ T(F*(p)) 
for X,Y £ r((/terE*) J -). 

Proof. Since the fibers of conformal semi-invariant submersions from Kahler manifolds are CR- 
submanifolds and T is the second fundamental form of the fibers, (?’) can be deduced from Theorem 
1.1 of [[3],p.39]. (ii) We note that the distribution D\ integrable if and only if gM([X, Y],Z) = 
gM([X, Y\,W) = 0 for X, Y £ T(Di),Z £ r(H 2 ) and W £ r((kerF*) ± ). Since kerF* is integrable, 
we immediately have gM([X,Y],W) = 0. Thus D 3 is integrable if and only if gM([X,Y], Z) = 0. 
Since F is a conformal submersion, by using m and Lemma 0 we have 

g M ((X,Y],Z) = -Lg N (F*(v“jY),F*JZ) - ^g N (F*(Xy JX),F*JZ). 

Then using (12.101) we get 

g M ([X,Y],Z) = -L 9N ((VF*)(Y,JX ) - (V F*)(X, JY),F*JZ). 

Thus proof is complete. □ 

Let F be a conformal semi-invariant submersion from a Kahler manifold (M, , J) onto a 

Riemannian manifold (N,gpf). We denote the complementary distribution to JD 2 in (kerF*) 1 - by 
p. Then for V £ T(kerF*), we write 

(3.3) JV = (j)V+LuV 

where <j)V £ T(Di) and loV £ T(JD 2 ). Also for X £ T((kerF* )-*-), we have 

(3.4) JX = BX + CX, 

where BX £ T(D 2 ) and CX £ T(p). Then by using (13.31) . (13.41) . (12.61) and (12.71) we get 

M 

(3.5) (Xy <t))W = BT V W - TyuW 
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M 

(3.6) (X v cu)W = CT V W -T V (I>W 
for V. W G T(A:erF*), where 

(v“ </>)w = y V (j)W - <p\7 v w 

and 

(v"w)W = US/ybjW - uj\7 v W. 

We now study the integrability of the distribution (fcer-F*)-^ and then we investigate the geom¬ 
etry of leaves of kerF * and (kerF t ) ± . 

Theorem 3.1. Let F be a conformal semi-invariant submersion from a Kdhler manifold ( M , gM, J) 
to a Riemannian manifold (N : g x ). Then the distribution ( kerF *)-*- is integrable if and only if 

AyujBX - A x ujBY + J{A y CX - A X CY) r(T»i) 

and 

X 2 g N (X Y FXX - X f x FXY, F*JW) = g M {A Y BX - A X BY - CY(ln\)X + CX{lnX)Y 

+ 2gM{X,CY)gradln\, JW) 
for X, Y G r {(kerF*) x ), V G r(Z?i) and W G F(D 2 ). 

Proof. The distribution ( kerF *)-*- is integrable on M if and only if 

g M ([X,Y],V) = 0 and g M ([X, Y\, W) = 0 
for X. Y G r((fcerF*)- L ), V G r(£>i) and W G T (_D 2 ). Using (12.11) . (12.21) and (13.41) . we get 
9m([X, Y],V) = g M (V x BY, JV ) + g M (y x CY, JV) - g M (X Y BX , JV) - g M (V Y CX, JV). 

Also using (12.91) . we get 

M M 

5 m([X, V], V) = - 5 jif (Br, V X JV) + 9 m(A x CY, JV) + g M (BX , V y JV) - <7M(AyCX, JV). 

From (12.21) . (12.81) and (13.31) . we derive 

(3.7) g M ([X, Y],V) = g M (A y uiBX - A x ujBY - JA X CY + JA Y CX , V). 

On the other hand, from (12.11) . (12.21) and (13.41) we derive 

9m([X, Y],W) = g M (X x BY, JW) + g M (X x CY, JW) - g M (X Y BX , JW) - g M (V Y CX, JW). 

Since F is a conformal submersion, using (12.101) and Lemma 12.11 we arrive at 

g M ([X,Y},W) = ~g N ((XF*)(X,BY),F*JW) + ±g N ((XF*)(Y,BX),F*JW) 

+ 9 n{-X(IuX)FXY - CY(lnX)F*X + g M (X,CY)F*{gradlnX) + v£f*CY, V* JW} 

- To 9 n{~Y( lnX)F*CX - CX(lnX)F*Y + g M (Y, CX)F*{gradlnX) + V£F*CX, F* JW}. 
Thus from (12.101) and (12.81) we have 

g M ([X,Y],W) = -g M (A x BY,JW)+g M (A Y BX,JW) - ±g M (gradln\,X)g N {F.CY,F.JW) 

- -^ 2 9 M{gradlnX,CY)g N {F t X,F t JW) + -^g M (X,CY)g N (F*(gradlnX), F*JW) 

+ ^ 9 n(VxF*CY,F,JW) + ^g M (gradlnX,Y)g N (FXX,F,JW) 

+ -^gM(gradlnX,CX)g N (F*Y, F*JW) - -^g M (Y,CX)g N (F*(gradlnX), F*JW) 
-^g N (V Y F*CX,F*JW). 
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Moreover, using Definition 13. 11 we obtain 

g M ([X, Y],W) = g M {A Y BX - Ax BY - CY(ln\)X + CX{ln\)Y + 2 g M (X, CY)gradln\, JW) 

(3.8) - -U W (V£F*CX - WxF*CY, F*JW). 

A z 

Thus proof follows from (13.71) and (13.81) . □ 

Next theorem gives a necessary and sufficient condition for conformal submersion to be a ho- 
mothetic map. 

Theorem 3.2. LetF be a conformal semi-invariant submersion from a Kdhler manifold (AI,gM, J) 
to a Riemannian manifold (N : g x ) with integrable distribution ( kerF *)-*-. Then F is a horizontally 
homothetic map if and only if 

(3.9) X 2 g M {A Y BX - A X BY , JW) = g N (X$F*CX - X f x F*CY, F*JW) 
for X, Y G T((fcerF*)- L ) and W G T(D 2 ). 

Proof. For X, Y G T^kerF*) 1 ) and W G T(D 2 ), from (13.81) we have 
g M {[X, Y],W) = g M (A Y BX - A X BY - CY(lnX)X + CX{lnX)Y + 2g M (X,CY)gradlnX , JW) 

- 4 g N {X$F*CX - V X F*CY, F*JW). 

A“ 

If F is a horizontally homothetic map then we get (13.91) . Conversely, if (13.91) is satisfied then we 
get 

(3.10) gM(—gM(gradlnX,CY)X + gM(gradlnX,CX)Y + 2gM(X,CY)gradlnX, JW) = 0. 

Now, taking Y = JW for W € T(D 2 ) in (13.101) . we have gM(gradlnX,CX)gM{JW, JW) = 0. Thus, 
A is a constant on T(^t). On the other hand, taking Y = CX for X G r(/x) in (13.101) we obtain 

2gM(X,C 2 X)gM{gradlnX, JW) = 2gM(X, X)gM{gvadlnX, JW) = 0. 

From above equation, A is a constant on r(JI? 2 ). This completes the proof. □ 

As conformal version of anti-holomorphic semi-invariant submersion ( I30j ), a conformal semi¬ 
invariant submersion is called a conformal anti-holomorphic semi-invariant submersion if J(D 2 ) = 
(kerF*) 1 - . For a conformal anti-holomorphic semi-invariant submersion, from Theorem 13.11 we 
have the following. 

Corollary 3.1. Let F be a conformal anti-holomorphic semi-invariant submersion from a Kdhler 
manifold (M, gM, J) to a Riemannian manifold (N : g x ). Then the following assertions are equiv¬ 
alent to each other; 

(i) (kerF*) 1 is integrable 

(ii) g N (F*JW 1 ,(VF*)(V,JW 2 ))=g N (F*JW 2 ,(VF*)(V,JW 1 )) 
for W u W 2 G r(A>) and V G T(kerF*). 

For the geometry of leaves of the horizontal distribution, we have the following theorem. 

Theorem 3.3. Let F be a conformal semi-invariant submersion from a Kdhler manifold ( M , gM , J) 
to a Riemannian manifold (N,g x ). Then the distribution (kerF*) 1 defines a totally geodesic foli¬ 
ation on M if and only if 

A X CY + VX x BY G F(D 2 ) 

and 

X 2 {g M (A x BY - CY(lnX)X + g M (X,CY)gradlnX,JW)} = g N (V 1 x F*JW 1 F*CY) 
for I,y G T((kerF*) 1 ), V G T(D 1 ) and W G T(D 2 ). 
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Proof. The distribution ( kerF *)-*- defines a totally geodesic foliation on M if and only if <7m(V a Y, V ) 
0 and 5 m(V^F, W) = 0 for X, Y £ T((kerF* )-*-), V £ T(J)i) and W £ T(D 2 ). Then by using 
(ED, ED,ED- El and ED, we get 

M M 

(3.11) 9m{X x Y , V) = -g M (<t>(A x CY + VV X BY ), V). 

On the other hand, from (12.11) . (12.21) and (13.41) we get 

<?m(V a Y, W) = -g M (BY. , V A JIT) - g M (CY, V A JIT). 

Since F is a conformal submersion, using (12.91) . (12.101) and Lemma 12.11 we arrive at 

M I 

5 Af(V A -Y, IT) = -WBY, ^ JIT) + +—g M (gradln\, JW)g N (F*X , F*CT) 

- JW)g N {F*(gradln\),FXY) - ^g N (X^F,JW,F,CY). 

Conformal semi-invariant F implies that 

M 

5 m(V a -T, V ) = g M {A x BY - CY(lnX)X + g M (X,CY\gradlnX, JW) 

(3.12) -^g N {V%F t JW,F,CY). 

Thus proof follows from (13.111) and (13.121) . □ 

Next we give new conditions for conformal semi-invariant submersions to be horizontally homot- 
hetic map. But we first give the following definition. 

Definition 3.2. Let F be a conformal semi-invariant submersion from a Kahler manifold ( M,gM , J) 

I M 

to a Riemannian manifold (N,qrj). Then we sav that Di is parallel alonq (kerFA 1 - if V Y W £ 
T(D 2 ) for X £ r((kerFA ± ) and IT £ T(D 2 ). 

Corollary 3.2. Let F : (M, g X i, J) —> {X,gx) be a conformal semi-invariant submersion such 
that Z) 2 is parallel along (kerF*) 1 ' ■ Then F is a horizontally homothetic map if and only if 

(3.13) X 2 g M (A x BY , JIT) = g N (S7 x F*JW, F*CY ) 
for X,Y £ r((kerF*) ± ) and IT € T(D 2 ). 

Proof. (13.131) implies that 

(3.14) - g M (gradlnX, CY)g M (X, JW) + g M (X,CY)g M (gradlnX, JW) = 0. 

Now, taking X = JW for IT £ T(D 2 ) in (13.141) . we get 

g M (gradlnX,CY)g M (JW ., JW) = 0. 

Thus, A is a constant on T(/i). On the other hand, taking X = CY for Y £ T(/i) in (13.141) we 
derive 

g M (CY,CY)g M (gradlnX , JW) = 0. 

From above equation, A is a constant on T(JD 2 ). The converse is clear from (13.121) . □ 

In particular, if J 1 is a conformal anti-holomorphic semi-invariant submersion, then we have the 
following. 

Corollary 3.3. Let F be a conformal anti-holomorphic semi-invariant submersion from a Kahler 
manifold (M, gM-, J) to a Riemannian manifold (N,g x ). Then the following assertions are equiv¬ 
alent to each other; 

(i) (kerF*) 2 - defines a totally geodesic foliation on M. 

(ii) (VF*)(V,JW 1 )£T(F*(g)) 

for W u W 2 £ r(D 2 ) and V £ T(kerF*). 

In the sequel we are going to investigate the geometry of leaves of the distribution kerF*. 
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Theorem 3.4. LetF be a conformal semi-invariant submersion from a Kahler manifold (M,gM, J) 
to a Riemannian manifold (N,g]y). Then the distribution ( kerF *) defines a totally geodesic folia¬ 
tion on M if and only if 

\ 2 {gM{CTu(j)V + AuvffU + g M (uV,ujU)gradln\, X)} = g N (V„ v F t X, F t wU) 

and 

t v ujU+ i/ v( fu g rpo 

for U, V G r(fcerF*)> X G T(g) and W G T(D 2 ). 

Proof. The distribution (kerF*) defines a totally geodesic foliation on M if and only if <?m(V^ V, X) = 
0 and 5 m(V y V, JW) = 0 for U, V G T(kerF *), X G T(g) and W G T(D 2 ). Using (12.111 . (12.211 and 
m, we have 

9m(Vu V, X) = 5 m(V(7 </>U, JX) + gM{f>U, X uV X) + 5m(wC7, S7 uV X). 

Since F is a conformal submersion, from (12.61) , (12.91) , (|2.10l) and Lemma 12.11 we arrive at 

M 1 

5 m(Vj 7 V, X) = g M (Tjj<f)V, JX) + g M {<j>U, A uV X) - -^g M (gradln\, X)g N (F*uV, F*uU) 

+ 9n{^uV-^*X, F*uU). 

Hence, we obtain 

M 

9m(X l , V, X) = g M {-CTu(j)V - A^ V (fU - 9 m(uV, u;U)gradln \, X) 

(3.15) + ^g N (X^ v F*X,F*coU). 

On the other hand, by using (12.11) . (12.21) and (13.31) . we get 

M 

(3.16) g M (V v V, JW) = ~g M (oj(V v ^U + T v ujU), JW). 

Thus proof follows from (13.151) and (13.161) . □ 

Next we give certain conditions for dilation A to be constant on /i. We first give the following 
definition. 

Definition 3.3. Let F be a conformal semi-invariant submersion from a Kahler manifold ( M,gM , J) 
to a Riemannian manifold (N,g^)■ Then we say that g is parallel along kerF * i/V [r X G T(g) 
for X G I\/x) and U G T(kerF^). 

Corollary 3.4. Let F : (M, gM, J) —> (IV, g^) be a conformal semi-invariant submersion such 
that g is parallel along (kerF*). Then F is a constant on g if and only if 

(3.17) A 2 g M (CT u( j ) V + A uV cf)U, X) = g N (V^ v F*X, F*coU) 
for U, V G T(kerF*) and X G r (g). 

Proof. If we have (13.171) then we have 

(3.18) gM(^V,ujU)gM(gradln\, X) = 0. 

From above equation, A is a constant on r(//). The converse comes from (13.151) □ 

From Theorem 13.31 and Theorem 13.41 we have the following decomposition for total space; 

Theorem 3.5. Let F : (M, gM, J) —> (N,g?f) be a conformal semi-invariant submersion, where 
( M,gM, J) is a a Kahler manifold (N,g^) is a Riemannian manifold. Then M is a locally product 
manifold of the form M( kerF *) x a M( kerF *)± if and only if 

X 2 {9m(CT u 4>V + A uV cj)U + g M (uV,ajU)gradln\, X)} = g N (S7^ v F*X, F*wU), 

TyujU + XvcfU G r(Di) 
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and 

AxCY + WxBY er(D 2 ), 

\ 2 {g M {A x BY -CY(ln\)X + g M (X,CY)gradln\,JW)} = g N {X F x F*JW,FXY) 
for X, Y £ r((fcerF*)- L ) and U,V,W £ T(fcerF*). 

Since ( kerF *)- L = J{D 2 ) © g and F is a conformal semi-invariant submersion from an almost 
Hermitian manifold J) to a Riemannian manifold (N,gx), for X £ T{D 2 ) and Y £ r(/x), 

we have 

■j 29 n(F*JX,F*Y) = g M (JX,Y ) = 0. 

This implies that the distributions F*(JD 2 ) and F*(/z) are orthogonal. Now, we investigate the 
geometry of the leaves of the distributitons D\ and D 2 . 

Theorem 3.6. LetF be a conformal semi-invariant submersion from a Kdhler manifold (M,gng, J) 
to a Riemannian manifold ( N,gx)■ Then Di defines a totally geodesic foliation on M if and only 

if 

(VF*)(X 1; JYi) £ T(F*/x) 

and 

^ g N {{VF.){X 1 ,JY 1 ),F t CX)=g M (Y 1 ,Tx 1 uBX) 
for X\,Yi £ r(Fi) and X £ r((fcerF*)- L ). 

Proof. The distribution D\ defines a totally geodesic foliation on M if and only if 3 m(V^ Y i,X 2 ) = 
0 and gMi^xJi,X) = 0 for X u Yi £ T(D 1 ),X 2 £ T(D 2 ) and X £ T((/cerF*)- L ). Using J2T]) and 
( 12 . 21 ) . we get 

5 m(v"F!,X 2 ) = JYi, JX 2 ). 

Since F is a conformal semi-invariant submersion, using ( 12 . 101 ) we have 

M 1 

(3.19) <?m(V Xi Fi,X 2 ) = JY),F*JX 2 ). 

On the other hand, by using (12.11) . (12.21) . (12.61) and (13.41) we derive 

5 m(V^Fi, X) = g M {Y u JBX ) + 0 m(«v£ JY u CX). 

Now from (12.71) . (12.101) and (13.31) we have 

M 1 

(3.20) g M (y Xl Y.i,X) = g M (Yl, T Xl coBX) - -^ gN ((VF l f)(X 1 ,JY 1 ),F.CX). 

Thus proof follows from (13.191) and (13.201) . □ 

For D 2 we have the following result. 

Theorem 3.7. LetF be a conformal semi-invariant submersion from a Kdhler manifold (M,gM, J) 
to a Riemannian manifold ( N,gx )• Then D 2 defines a totally geodesic foliation on M if and only 

if 

(VF*)(X 2 , jXi) er(F*/x) 

and 

-jpg N (yjY,F*JX 2 , F*JCX) = g M (Y 2 , BT X2 BX) + g M (X 2 , Y 2 )g M (Hgradln A, JCX ) 
for X 2 ,Y 2 £ r(F 2 ),Xi e T(Di) and X £ T((fcerF„)- L ). 
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Proof. The distribution D 2 defines a totally geodesic foliation on M if and only if 9 m{X X2 Y 2 , X\) = 
0 and g M (^x 2 Y 2 :X) = 0 for X 2 ,Y 2 G T{D 2 ),X 1 G T(I>i) and X G r((fcerF») J -). Since F is 
conformal semi-invariant submersion, using (O) and (12.21) and (12.101) . we get 

M 1 

(3.21) 5 m(V a - 2 F 2 ,X 1 ) = -^g N ((XF if )(X 2 ,JX\),F*JY 2 ). 

On the other hand, by using (12.11) . (12.21) . (12.61) and (13.41) we derive 

M M 

9 m(X X2 Y 2 , X) = -g M (JY 2 ,T X2 BX) + g M ([X 2 , JY 2 } + V JY2 X 2 ,CX). 

Since [X 2 , JY 2 } G r(fcerF*), we obtain 

9 m(Xx 2 Y 2 ,X) = -g M (JY 2 ,T X2 BX) + 5 m(V^ 2 JX 2 , JCX ). 

Then conformal semi-invariant submersion F . (13.41) and (12.101) imply 

M 

9 m(X X 2 Y 2 , X) = g M (Y 2 , BTx 2 BX ) + g M (Y 2 , X 2 )g M (Hg r adln\, JCX ) 

(3.22) +4 9N (VjY a F.JX 2 ,F.JCX). 

Thus proof follows from (13.211) and (13.221) . □ 

From Theorem 13.61 and Theorem 13.71 we have the following theorem; 

Theorem 3.8. Let F : (M, gM, J) —> {X,g x ) be a conformal semi-invariant submersion from a 
Kabler manifold (M, gM , J) onto a Riemannian manifold (N,g x ). Then the fibers of F are locally 
product manifold if and only if 

(VF*)(X 1; JYi) G T(F*[i), 

4<7N(('VF*)(Xi, JYi),F*CX) = g M (Yi, T Xl uBX) 

and 

{XF*)(X 2 ,JXi) G rfft/i), 

-^ 9 n{X f JY2 F*JX 2 , F* JCX) = g M (Y 2 ,BT X2 BX) + gM (X 2 ,Y 2 )g M (Hgradln\, JCX) 
for any X x ,Y x G T(Di), X 2 ,Y 2 G T{D 2 ) and X G T((fcerF*) x ). 

4. Harmonicity of Conformal Semi-invariant submersions 

In this section, we are going to find necessary and sufficient conditions for a conformal semi¬ 
invariant submersions to be harmonic. We also investigate the necessary and sufficient conditions 
for such submersions to be totally geodesic. By considering the decomposition of the total space 
of conformal semi-invariant submersion, the following lemma comes from [2]. 

Lemma 4.1. Let F : (M 2 ( m+n+r \ g m , J) —> (N n+2r , g x ) be a conformal semi-invariant sub¬ 
mersion, where ( M,g X [, J) is a Kahler manifold and (N,g x ) is a Riemannian manifold. Then the 
tension field t of F is 

(4.1) t(F) = — (2m + n)F*(/i fcerF *) + (2 — n — 2r)F„(gradln \), 

where g kerF * is the mean curvature vector field of the distribution of her Ft,. 

From Lemma ro we deduce that: 

Theorem 4.1. Let F : (M 2 ( m+n+r \ gM, J) —> ( N n+2r ,g x ) be a conformal semi-invariant sub¬ 
mersion such that n + 2r ^ 2 where ( M,gM , J) is a Kahler manifold and ( N,g x ) is a Riemannian 
manifold. Then any three conditions below imply the fourth: 

(i) F is harmonic 

(ii) The fibres are minimal 

(iii) F is a horizontally homothetic map. 
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We also have the following result. 

Corollary 4.1 . Let F be a conformal semi-invariant submersion from a Kahler manifold (M, gM, J) 
to a Riemannian manifold (N, ). If n + 2r = 2 then F is harmonic if and only if the fibres are 

minimal. 

Now we obtain necessary and sufficient condition for a conformal semi-invariant submersion to 
be totally geodesic. We recall that a differentiable map F between two Riemannian manifolds is 
called totally geodesic if 

(VF*)(X,T)=0 VX, Y £ T(TM). 

A geometric interpretation of a totally geodesic map is that it maps every geodesic in the total 
manifold into a geodesic in the base manifold in proportion to arc lengths. We now present the 
following definition. 

Definition 4.1. Let F be a conformal semi-invariant submersion from a Kahler manifold J) 

to a Riemannian manifold ( N,g ^)■ Then F is called a {JD 2 , g)-totally geodesic map if 

(VF*)(Jf7, X) = 0 Jor U £ T{D 2 ) and X £ T ((fcerF*)" 1 ). 

In the sequel we show that this notion has an important effect on the geometry of the conformal 
submersion. 

Theorem 4.2. Let F be a conformal semi-invariant submersion from a Kahler manifold (M , gM, J) 
to a Riemannian manifold (N,giv). Then F is a (JD 2 , g)-totally geodesic map if and only if F is 
horizontally homothetic map. 

Proof. For U £ T(D 2 ) and X £ T(g), from Lemma f2. 1 1 we have 

(VF*)(J[/, X) = JU(ln\)F*X + X(ln\)F*JU - g M (JU,X)F*{gradln\). 

From above equation, if F is a horizontally homothetic then (VF*)(Jf7, X) = 0. Conversely, if 
(VF*)(J17, X) = 0, we obtain 

(4.2) JU(ln\)F*X+ X(ln\)F*JU = 0. 

Taking inner product in (14.21) with F* JU and since F is a conformal submersion, we write 

gM(gradln\, JU)gN(F*X,F*JU) + gM(gradln\, X)gN(F*JU, F*JU) = 0. 

Above equation implies that A is a constant on T(g). On the other hand, taking inner product in 
(14.21) with F*X, we have 

gM(gradln\, JU)gN(F t: X, F^X) + gM{gradln\,X)gx(F*JU,F it X) = 0. 

From above equation, it follows that A is a constant on T( JD 2 ). Thus A is a constant on T((kerF^) ± ). 
Hence proof is complete. □ 

Finally we give necessary and sufficient conditions for a conformal semi-invariant submersion to 
be totally geodesic. 

Theorem 4.3. Let F : (M, g^, J) —> (N,g;\r) be a conformal semi-invariant submersion, where 
(M, gM, J) is a Kahler manifold and ( N,g jy) is a Riemannian manifold. F totally geodesic map 
if and only if 

(a) CTuJV + uVp JV = 0 U,V £ T(D±) 

(b) C'HX7uJW + uT u JW = 0 U £ T(kerF t ), W £T(D 2 ) 

(c) F is a horizontally homothetic map. 

Proof, (a) For U, V £ r(Z?i), using (12.21) . (12.101) and (12.61) we have 

(VF*)(C/,T) = F4J(T Lr JV + VuJV)). 

Using m and (13.41) in above equation we obtain 

(VF*)(/7, V) = F^BTuJV+ CT v JV FcfXuJV FwXuJV). 
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Since BTjjJV + (fN/uJV £ Y(kerF*), we derive 

(VU*)(t/, V) = F^CTuJV + uVuJV). 

Then, since F is a linear isometry between ( kerF ir )- L and TN, (VF*)(f7, U) = 0 if and only if 
CT v JV + uS7 v JV = 0. 

(b) For U £ F(fcerF*), W £ T(D 2 ), using (12.211 and (12.101) we have 

(VF*){U,W) = v£f*W - F,(VuW) 

= F*(Jv"jIU). 

Then from m we arrive at 

M 

(VF*)(U,W) = F*(J(TuJW + 'HV U JW)). 

Using m and (10.411 in above equation we obtain 

(VF*)(U, W) = F^TuJW + ujTjjJW + BUX^JW + CUX^JW). 

Since 4>TjjJW + BHX^JW 6 T(fcerF*), we derive 

M 

(XF*)(U,W) = F m (uTuJW + CHVuJW). 

Then, since F is a linear isometry between ( kerF t ,) ± and TN, (VF*)(E/, W) = 0 if and only if 
loTjjJW + CRN™, JW = 0. 

(c) For X,Y € r(/i), from Lemma l2Jl we have 

(VU*)(X, Y) = X(lnX)F*Y + Y(lnX)F*X - g M {X, Y)F*(gradlnX). 

From above equation, taking Y = JX for A' £ r(/r) we obtain 

(VF*)(X, JX) = X(ln\)F*JX + JX(lnX)F*X - g M (X, JX)F*(gradlnX) 

= X(lnX)F*JX + JX(lnX)F*X. 

If (VF*)(A, JX) = 0, we obtain 

(4.3) X(lnX)F*JX + JX(lnX)F*X = 0. 

Taking inner product in (14.31) with F*X and since F is a conformal submersion, we write 

gM{g'radln\,X)gN{F if JX,F< f X) + gM{gradln\, JX)gN{F*X, F*X) = 0. 

Above equation implies that A is a constant on T(Jg). On the other hand, taking inner product 
in ([443]) with F*JX we have 

gM(gradln\, X)gN(F*JX, F*JX) + gM{gradlnX, X)gw(F*X, F*JX) = 0. 

From above equation, it follows that A is a constant T(^t). In a similar way, for U, V £ T(£) 2 ), using 
Lemma IQ we have 

(VF*)(JU, JV) = JU{lnX)F*JV + JV(lnX)F*JU - g M (JU, JV)F*(gradln\). 

From above equation, taking V = U we obtain 

(4.4) (VF*)(JU, JU) = JU(lnX)F*JU + JU(lnX)F*JU - g M {JU , JU)F*(gradlnX) 

= 2JU(lnX)F*JU - g M {JU, JU)F*{gradlnX). 

Taking inner product in (14.41) with F*JU and since F is a conformal submersion, we derive 

2gM(gradlnX, JU)gr^(F. t JU, F. t JU) — gM^JU, JU)gN{F if {gradlnX),F ir JU) = 0. 

From above equation, it follows that A is a constant on T(JD 2 ). Thus A is a constant on 
T^kerFj)^). If F is a horizontally homothetic map, then F^(gradlnX) vanishes, thus the con¬ 
verse is clear, i.e. (VF*)(X, Y) = 0 for X,Y £ r((fcerF*)-*-). Hence proof is complete. □ 
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